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1. Introduction

Multiobjective combinatorial optimization deals with problems considering more than one viewpoint or scenario. They
inherit the complexity difficulty of their scalar counterparts, but incorporate additional difficulties derived from dealing
with partial orders in the objective function space. The standard solution concept is the set of Pareto solutions. However,
the number of Pareto solutions can grow exponentially with the size of the instance and the number of objectives. A first
approach to overcome this difficulty focuses on a specific subset of the Pareto set, such as, for instance, the supported Pareto
solutions (see e.g. [4]). Those are the Pareto solutions that optimize linear scalarizations of the different objectives. However,
it is possible to exhibit instances for which even the number of supported solutions grows exponentially with the size of
the instance. Furthermore, focusing on supported Pareto solutions a priori excludes compromise solutions that could be
preferred by the decision maker. For the above reasons, more involved decision criteria have been proposed in the field
of multicriteria decision making [19]. These include objectives focusing on one particular compromise solution, which, for
tractability and decision theoretic reasons, seem to be better suited when an appropriate aggregation operator is available.

In some cases, a particularly important Pareto solution related to a weighted ordered average aggregating function is
sought. Provided that some imprecise preference information on the objectives is available, and that they are comparable,
an averaging operator can be used to aggregate the vector of objective values of feasible solutions. The Ordered Median (OM)
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objective function is very useful in this context since it assigns importance weights not to specific objectives but to their
sorted values. OM operators have been successfully used for addressing various types of combinatorial problems (see, for
instance, [18,15,20,1,14] or, [6]).

When applied to values of different objective functions in multiobjective problems, the OM operator is called in the litera-
ture Ordered Weighted Average (OWA) [24,25]. It assigns importance weights to the sorted values of the objective function
elements in a multiple objective optimization problem. The OWA has been also used in the literature under the name of
Choquet optimization to address continuous problems [22,13] and more recently it has been applied to some combinatorial
optimization problems, like the minimum spanning tree and 0-1 knapsack [7]. The OWA is, however, a very broad operator,
which, depending on the cases, can be seen as an ordered median or as vector assignment ordered median [12], and which
can be applied to any combinatorial optimization problem. We therefore believe that its full potential within combinatorial
optimization is worth being exploited. This naturally leads to a thorough study of its modeling properties and alternatives,
which is the focus of this paper.

From a modeling point of view, the OWA operator can be formulated with a combination of discrete and continuous deci-
sion variables linked by several families of linear constraints. Since the domain of combinatorial optimization problems can
be characterized with ad hoc discrete variables and linear constraints, it becomes clear that any combinatorial optimization
problem with an OWA objective can be formulated as a linear integer programming problem, by suitably relating the two
sets of variables and constraints. Of course, not all formulations are equally useful. Moreover, it is not even clear that the best
formulation for the domain of the combinatorial object should be preferred, because its “integration” with the formulation
of the OWA may imply additional difficulties. In this work we propose three alternative basic formulations for a combina-
torial object with an OWA objective. Each basic formulation uses a different set of decision variables to model the OWA
objective. We study properties yielding to alternative formulations, which preserve the set of optimal solutions, and we also
compare the formulations among them. In addition we propose various families of facets and valid inequalities, which can
be used (independently or in combination) to reinforce the basic formulations. For keeping the extension of the paper within
some reasonable limits, we report the results obtained with a particular case of the OWA operator, namely the Hurwicz cri-
terion [10]. This criterion, which has been used by other authors in the literature (see e.g. [16,7]) is a non-monotonic and
non-convex criterion. In our experience the Hurwicz criterion behaves quite similarly to other non-convex OWA criteria, so
the results we report and derived conclusions can be extended to analogous criteria as well. In the final part of the paper, we
focus on two classical optimization problems: shortest path and minimum cost perfect matching. For these two problems
we analyze the empirical performance of the alternative basic formulations and their possible reinforcements and varia-
tions. From our computational experience we cannot conclude that any of the formulations is superior to the others since
the behavior of the proposed formulation varies with the different combinatorial object to be considered (see Section 6).

The paper is structured as follows. Section 2 gives the formal definition of the OWA operator and shows that it has
as particular cases both the ordered median and the vector assignment ordered median. Section 3 presents the three
basic formulations, and their variations, for a combinatorial problem with an OWA objective, studies their properties and
compares them, whereas Section 4 presents different families of valid inequalities and possible reinforcements. Sections 5.1
and 5.2 respectively present the formulation of the combinatorial object that we use in our empirical study of the shortest
path and minimum cost perfect matching problems with an OWA objective. Finally, Section 6 describes the computational
experiments that we have run and presents and analyzes the obtained numerical results. The paper ends in Section 7 with
some comments and possible avenues for future research.

2. The ordered weighted average optimization

The Ordered Weighted Average (OWA) operator is defined over a feasible set Q C R". Let C € RP*" be a given matrix,
whose rows, denoted by C', are associated with the cost vectors of p objective functions. The index set for the rows of C is
denoted by P = {1, ..., p}. Forx € Q, the vector y € R? is referred to as the outcome vector relative to C. In the following
we assume y = Cx, with x € Q. For a given y, let o be a permutation of the indices of i € P such thaty,, > --- > y,,. Let
also w € RP* denote a vector of non-negative weights. Feasible solutions x € Q are evaluated with an operator defined as
OWA(c,0) (x) = 0'y,. The OWA optimization Problem (OWAP) is to find x € Q of minimum value with respect to the above
operator, that is

OWAP : min OWA(c ) (x).
xeQ

Example 1. Consider
14 1
Q={xe{0, 1P :x;+x+x=2}, C=| 1 1 3| and o'=(1 2 4).
5 1 2

Table 1 illustrates, for each feasible x € Q, the values ofy = Cx, y, and OWA(c ) (x) = @'y, The optimal value to the OWAP
is minXEQ OWA(C’Q)) (X) = 23.

The OWA operator is a very general function which, as we see below, has as particular cases well-known objective functions.
We next describe some of them.
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Table 1
Solutions x € Q, values y = Cx, sorted values y, and OWAc,, (x) for Example 1.

X y Yo OWA () (X) = ©'Ys
(1 10 (626 (6 5 2 24
(1t o1 (2 4 7 (7 4 2 23
o 1 1) (5 4 3 (56 4 3 25
Table 2

Solutions x € Q, values d;x;, sorted da,Xa, and OMg, ) () for the OM of Example 2.
X OMg, ) (%) = Zjel, @i Xo;
1t 10 (610 (G 10 7
(1t o1 (502 (G 20 9
0 1 1 (© 1 2 (2 1 0 4

(djxj)jEP (drrjx(r] )jeP

Table 3
The OM instance of Example 2 as an OWA: y = (X, y, and OWA, ) (x).

X y Yo OWA(c.0) (%) = &Yy
1 10 (610 (5 0 7
(1 o 1) (50 2 (5 0 9
o 1 1) (© 1 2 (2 0 4

2.1. The Ordered Median (OM) objective function

The OM objective [15] minimizes a weighted sum of ordered elements. It is a well known function that unifies many
location problems as the p-median problem, the p-center problem, etc.

Let Q € R" denote the feasible domain for an optimization problem and let d € R" be a cost vector and w € R" a given
weights vector. For x € Q, let o denote a permutation of the indices of x, such that d(,jx(,j > d(,jﬂxt,jJr1 ,jel{1,2,...,n—1}L

The OM operator is OM(q () (X) = Zjel’ a)jdajxaj and the OM Problem (OMP) is therefore defined as

OMP: r}}lelé‘l OMg, ) (x) = ijdajx{,j.
jepP
To cast the OM operator as an OWA operator, we only need to set the rows of the C matrix as (C') = diel,i € {1,...,n},

where e € R" is the ith unit vector of the canonical basis of R". Let Diag(d) denote the diagonal matrix whose diagonal
entries are the components of the vector d, thus, C = Diag(d). Then OM(g ) (X) = OWA (pigg(d),) (X).

Example 2. Consider

Q={xe{0, 1P :xi+x+x=2}, d=( 1 2) and w=(1 2 4).
Table 2 illustrates, for each feasible x € Q, the values of (djx;)jep, (d(,jx(,j)jep, and OMg ) (X) = ZjeP a)jd(,jxgj. The optimal
OM value is mingeqg OMg,) (X) = 4.

To cast the OM operator as an OWA operator, we only need to set the rows of the C matrix as

500
C =Diagd)=[0 1 0
0 0 2

The values of y = Cx, ¥y, and OWAc ., (x) = @'y, are shown in Table 3. The optimal OWA value is minyeq OWA (pigg(d),) (X)
= MiNkeq OM(g,0) (X) = 4.

2.2. The vector assignment ordered median objective function

The Vector Assignment Ordered Median (VAOM) problem was recently introduced by Lei and Church [12] in the context
of discrete location-allocation problems. In this context, the VAOM generalizes both OM and Vector Assignment Median [23].
As we see below the OWA generalizes the VAOM as well. First, we briefly introduce the VAOM.

The main decisions in location-allocation problems are the set of facilities to open, and the assignment of customers to
open facilities so as to satisfy their demand. Consider a given set of customers P = {1, ..., p}, where each customer is also
a potential location for a facility, and let ¢ < p denote the number of facilities to open. Associated with each customeri € P
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there is a demand g;. A unit of demand at customer i served from facility k incurs a cost dj. We will use d' to denote the p
dimensional vector of the distances associated with customer i. Usual objectives focus on service cost minimization.

Many location-allocation models allow splitting the demand at customers among several facilities, so allocating
customer i to facility k means that some positive fraction of g; is served from facility k. However, without any further
incentive or constraint, in optimal solutions customers will be allocated to one single facility, the closest one among those
that are open. Since such solutions often exhibit privileged customers, equity measures have been proposed to balance out
the service level of the customers. This is the case of the VAOM that imposes the specific fractions of the demand at each
customer to be served from the various open facilities. Let y;, denote the fraction of g; that must be served from the ¢th
closest facility to customer i where ¢ € I = {1, ..., q}. To measure the service level of customer i in a given solution, the
distances from i to the different open facilities are ordered and weighted with the values y;, according to their rank in the
sorted list of distances. This invites to characterize solutions by means of binary decision variables Xfw i,k e P,{ €I, where
x}'dZ is equal to 1 if i is allocated to facility k as the £th closest facility. Now, the service cost of customer i can be computed

i . =i i .
asSi = ) uep O pe; QiviedikXj,- Note that s; can be expressed in a compact way as s; = C X', where X' is the vector of decision

variables (i )kep 1 = (X1, Xips o, Kby, Xy, o) and (€)' = (qiyudi)kep cer-

The VAOM operator is computed as a weighted sum of the service costs of all customers. A weight wj is applied to the
customer with the jth lowest service level, i.e. with the jth highest service cost. For a given solution, x, and its associated
vector s as defined above, let o be a permutation of the indices of P such that s,; > -+ > s,,. Then, VAOM(q,y q,0)(X) =

Zf;l wjSo; and the VAOM Problem (VAOMP) is therefore defined as
)
VAOMP: min VAOM(c.y.a.0) (%) = ; WjS-

The set of feasible solutions to the problem is fully characterized by the set of feasible assignments, since an explicit
representation of the open facilities is not needed. These can be obtained directly from x by identifying the indices k € P
with x;, = 1forsomei € P, £ € I. Thus in this problem Q is given by the set of feasible assignments. For reasons that will
become evident when we cast the VAOM operator as an OWA, we express the assignment vectors x as one dimensional n
vectors with n = p?q. In particular x is partitioned in p blocks, each of them associated with a different customer i € P. That
is,x = (xl/l cod x [ xp/)/.‘In turn, each block x' consists of p smaller blocks, each with g components. The kth block of
X' contains the g components x,, for the indices £ € I.

Now, to cast the VAOM as an OWA operator, we define p objective functions Elx", one associated with each customer
i € P.In particular, objective C'xi represents the service cost of customer i € P,s’. With the above characterization of
vectors x € Q, each C' must be defined by an n vector. Thus expressing the VAOM as an OWA becomes basically a notation

issue. For each fixed i € P, again we partition the cost vector C'in p blocks. Similarly to the partition of vectors x € Q, each
block corresponds to a different customer, and has pq components. We now set at value 0 all the entries except those in the

block of customer i, which are given by the entries of the vector C' as defined above. That is: C' = Opg | ... | c [ ... [ Opg),
where Opq = (0, ..., 0) € RP. With this notation it becomes clear that C'x = C'x. Hence,
VAOM(d,y’a,w) (X) = OWA(Cyw) (X)

Example 3. Consider an instance of a VAOM problem with p = 3 customers in which g = 2 facilities must open. Suppose
all the customers have one unit of demand, i.e. a; = a; = a; = 1, and suppose the rest of the data is the following:

0 2 6 05 05
di)iker =2 0 4], (Viierjer = [ 0.5 05, =0 1 2).
8 4 0 1 0

Since g = 2 the feasible combinations of facilities to open are {1, 2}, {1, 3} and {2, 3}. When the distances of each customer
to the potential facilities are all different, like in this example, each combination of open facilities determines a unique
feasible assignment vector x. For instance, when facilities 1 and 2 open, then customer 1, has facility 1 as the closest and
facility 2 as the second closest, so X{, = X3, = 1,and x}, = x3; = x3, = x3, = 0. The service cost of customer 1 is thus
s1 = yndux}; + yidixy, = 04 0.5 x 2 = 1. For customer 2 we have x3, = x5, = 1,and x4, = x5, = x5, = x3, = 0,
with service cost s, = 0+ 0.5 x 2 = 1. With this set of open facilities, the assignment for customer 3 isx3, = x3, = 1, and
X3, = x3, = X3, = x3, = 0 with service cost s3 = 4. Since s3 > s; > s, the objective function value for this solution is thus
O0x44+1x1+2x1=3.

Proceeding similarly with the other possible combinations of open facilities we obtain the complete set of feasible
solutions Q, which in this example is given by the set of binary vectors given in Table 4:

For modeling the VAOM as an OWA we define the cost matrix C as:

0o 0j1 1,3 3|0 0|0 O|O OO O|O OO O
c=|0 0]0 O 0 0 0 0|0 O0]).
0 8 4 0|0

0
0 0/0 O0]|O

o
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Table 4
Complete set of feasible solutions Q as binary vectors for Example 3.
X X1 X3 X3 X3 X}, X, X, X, %5, x5, X, X1 X X, X, X3 X33
1 0 0 1 0 0 0 1 1 0 0 0 0 1 1 0 0 0
1 0 0 0 0 1 1 0 0 0 0 1 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1 0 0 1 0 0 0 1 1 0
Table 5
Values of y, y, and OWA ,, (x) for the feasible solutions of
Example 3.
y Yo OWA(C.)(X) = @'yy

Table 5 shows the values of y, y, and OWA ¢, (x) for each x € Q. The optimal value of the VAOM is minyeq VAOM(q,;, ,) (X)
= min{3, 3,2} = 2.

2.3. The vector assignment ordered median function of an abstract combinatorial optimization problem

In the above section we have applied the VAOM operator to the locations and allocations of a general multifacility location
problem, according to the original definition by Lei and Church [12]. Nevertheless, this operator can be also applied to the
characteristic vector of a combinatorial solution of any abstract combinatorial optimization problem, as we also did with
the ordered median operator. In doing that we obtain a more general interpretation of this type of objective function that
can also be cast within the OWA operator.

Let Q C R" denote the feasible domain for an optimization problem, w € RP* a given vector of nonnegative weights and
P = {1, ..., p}.Recall that a VAOM operator considers for each objective function s;, i € P different fractions, ', of the cost
vector d for the sorted elements of the decision vector x.

For x € Q, the evaluation of the ith component of the VAOM objective is given by s; = y'd;x;, for all i € P. Let o denote a
permutation of the indices of P, such that s,; > s,,,,,fori = 1, ..., p—1.The VAOM operator is VAOM g,y (X) = D _;p @iSo;-
The reader may note that the original definition of VAOM can be accommodated to this general setting once we identify the
combinatorial object Q as the set of location-allocations in the discrete location problem. In that case, therearei =1, ..., n
objective functions associated with each of the customers and then the fractions that apply to each customer i are non-null
only for a subset of the open facilities (servers) corresponding to the g-closest ones.

This can be done by defining a set of variables, one per customer i, with n blocks. In the block k, x|, = (X, ..., x%,)
accounts for the allocation of i to any facility as the kth closest, therefore X = (¥ | x| ... | x¥) fori = 1,...,n.This
way, the cost vectors must also have the same structure by blocks, each block corresponding with the level of assignment,
ie. denoting by d' = (d',...,d)) € R™ then d' = (d” | d" | ... | d").Finally, since the fractions of costs are applied
according to the level of assignment, the structure of the vector of fractions y' is also by blocks. Block k represents the
fraction of the cost that is accounted for customer i at the kth level of assignment. Denoting by y; = (Vi¢, ..., ¥ie) € R"
theny' = (¥} |y | ... |yl fori=1,...,n.

To cast the VAOM as an OWA operator, we only need to set 7' = (0, | ... | ¥' | ... | 0p),d =

o o 'y
(3'3« | ] \dL | o] 3’3«)/’ x=&"[...[x"|...| x*) and C' = (5/d)?*". Then, the VAOM can be written

1 i P
as the following OWA operator VAOMg,, ) (X) = OWA(c ) (%).

As we have shown above, OWA is a very general operator. In the following, we will work in more particular settings,
namely we shall restrict ourselves to assume that Q is a combinatorial object which can be represented by a system of linear

inequalities.
3. Basic formulations for the OWAP, properties and reinforcements

This section presents alternative Mixed Integer Programming (MIP) formulations for an OWAP, which are analyzed and
compared. The starting point of our study is three basic formulations, which, broadly speaking, differs from one to another
on how the permutation that defines the ordering of the cost function values is modeled. Two of the formulations presented
use binary variables z to define the specific positions in the ordering of the sorted cost function values, whereas the other
one uses binary variables s to define the relative position in the ordering of the sorted cost function values. One of the two
formulations based on the z variables also uses an additional set of decision variables y for modeling the specific values of
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the cost functions depending on their position in the ordering. All three formulations use a set of decision variables 6 to
compute the values of the objectives sorted at specific positions. In each case, alternative formulations are presented, which
preserve the set of optimal solutions. Before addressing any concrete formulation we discuss the meaning of both sets of
variables z and s as well as their relationships.

3.1. Alternative formulations for permutations

The essential element in our formulations rests on the representation of ordering within a MIP model. To such end, we
devote this section to describe how a permutation can be represented with binary variables. Recall that we have introduced
P ={1,..., p} as the set of the cost function indices. Let 7 : P — P be a function representing a permutation of P. That is, it
assigns the index i of each cost function (also denoted by cost function i) to a position indexed by j (also denoted by position
Jj)- Note that 77 is a permutation if each cost function is assigned to a single position and if each position contains a single cost
function index. In what follows, we use ; = 7 (i) to denote the position occupied by the cost functioni € P and oj = 7 ~1(j)
to denote the index of the cost function that occupies position j (we recall that the notation o was previously used in
Section 2). Note that o also defines a permutation of the positions of P. In what follows we will indistinctively use 7 and o.
Slightly abusing notation we refer to 7t as to the cost functions permutation and to its inverse o as to the positions permutation.

In order to model 7r as a permutation, let z; be a binary decision variable defined as

— 1 if cost function i occupies position j, (i.e. if 7; = j)
Y7 10 otherwise.

The set of variables z defines a permutation if:

(i) each position contains a single cost function:
Y zj=1jeP, (1)
ieP

and,
(ii) each cost function i is assigned to a single position j:

D zj=1 ieP. 2)

jepP

In addition, we observe that since system (1)-(2) contains exactly 2p — 1 linearly independent equations, the above

permutation can also be represented without variables z;, for all i € P, that can be replaced by 1 — > .., z;. In this
way, system (1)-(2) can also be rewritten as
D zi=1 jeP:j>1, 3)
ieP
D zj<1 ieP. (4)
jepP

Example 4. Let 77 be a permutation definedbyr = (3 2 4 1)orequivalentlybyo = (4 2 1 3).Then,r canbe
represented by using variables z as follows:

0

(e Ne R )
SO O =
(= =)

1
01 0 O
Gpijer=10 0 o 1| ©F @iijers>1=
1 0 0 O

An alternative representation of a permutation, which we have also found useful is based on a different set of variables
defined as:

6 — 1 if cost function i is placed before position j in the ordering,
v 0 otherwise.

The set of variables s defines a permutation if:
(i) for allj € P there are j — 1 cost functions placed before position j:
D sj=j—1 jeP, (5)
ieP
and
(ii) cost function i cannot be placed in position j unless it is also placed in positionj + 1, i.e.,

Sii41 —Sj =0 i,jeP:j<p. (6)
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Again we can reduce the number of decision variables, now by eliminating s;; for alli € P. Indeed, since there is no cost
function placed before position 1 in any ordering, all the s;;, i € P can be fixed to zero. In this way, permutation (3)-(4) can
be also represented by means of the following reduced set of constraints:

Zs,-j:j—l jeEP j>1, (7)
ieP
Sjy1—S; =0 i,jeP:1<j<p. (8)

Example 5. Let 77 be a permutation defined by = (3 2 4 1)orequivalentlybyo = (4 2 1 3).Then, 7 canbe
represented by using variables s as follows:

0 0 0 1 0 0 1
0 0 1 1 0 1 1
Giier =109 o0 o ol ©° Gidieri=1=19 o o O
01 1 1 1 1 1
With the above considerations, variables z and s are related by means of
o Sij+1 — Sjj lEP,]:l,,p—l
Z‘f_{]—s,'j ieP,j=p )
and equivalently,
sj=1-Y zr, ijeP. (10)
k>j

3.2. OWAP formulations with variables for the positions of sorted cost function values

For a given feasible set Q < R", consider the binary decision variables z as defined in Section 3.1 to represent the
permutation 7 associated with the sorted cost function values Cx, i € P. Let also 6; be a real decision variable equal to the
value of the cost function sorted in position j. Next, we give an integer linear programming description of the OWAP where
we use M to denote a non-negative upper bound of the value of all the cost functions. (We refer the interested reader to [1]
or [15] for similar sets of decision variables and formulations for the discrete ordered median location problem.)

Fg: V=min ) v (11a)
jepr

s.t. Zz,-jzl jePrP (11b)
ieP
Y zi=1 iep (11¢)
jep
Cx<6+M(1—z) ijeP (11d°)
6 > 611 jeP:j<p (11e)
x€Q,z e {0, 1}P*P, (11)

The objective function (11a) minimizes the weighted average of sorted objective function values, provided that 6;, j € P, are
enforced to take on the appropriate values. As seen, constraints (11b)-(11c) define a cost functions permutation by placing
at each position of 7 a single cost function and each cost function at a single position of . Constraints (11d°) relate cost
function values with the values placed in a sorted sequence. Constraint (11e) imposes that the sorted values are ordered
non-increasingly.
In the following we denote by ©7 the domain of feasible solutions to formulation Fj. That is,
Qf = {(x, z, 0) satisfying constraints (11b), (11c), (11d°), (11e), (11f)} .
Consider now the family of inequalities

c"xgej+M<1—Zz,-k> i,jeP, (11d)
k>j
and note that, for z satisfying (11c), inequalities (11d) can be rewritten as
Cx<6+M) z ijeP, (11d)
k<j
since foralli,j € P, 1= . Zik = D __; Zik-
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Remark 1. Observe that when variables z;;, i € P are not defined and the permutation is described by means of inequalities
(3) and (4), then constraints (11d°), (11d) and (11d’) must consider separately the case j = 1 from the casej € P,j > 1.In
particular, the case j = 1 reduces to

Cx<6; ieP, (12)
since the first position has always a value greater than or equal to any cost function.

Let Q% = {(x, z, 6) satisfying constraints (11b), (11c), (11d), (11e), (11f)} denote the domain obtained from €5 when con-
straints (11d°) are replaced by constraints (11d).

Property 1. Qf = Q*.

Proof. It is clear that Qf D Q7, since for i, j € P given, the right hand side of the associated constraint (11d) is smaller than
or equal to that of constraint (11d°).

To prove that Q5 € Q7 also holds let (x, z, 0) € ©f and we show that (x, z, 0) satisfies constraints (11d). Fori,j € P
given, we distinguish two cases:

e If z; = 1 then (11d) holds for this pair of indices.
e Ifz; = 0 then by (11c), there must existj’ € P, j' # j, such thatzy = 1.1fj’ < j, then Z,Qj zix = zjj = 0, and (11d) holds
for the pair of indices i, j. Otherwise, if j/ > j, then Zkzi Zix = z = 1 so the right hand side of constraint (11d) for the

pair i, j takes the value 6;. Now constraint (11d°) for the pair of indices i, j implies that Cix < 6y. By constraints (11e),
we also have 6; > 6y and thus (11d) also holds for the pair of indices i,j. O

Remark 2. Since ©f = Q7, an equivalent formulation for the OWAP is

FZ V= minZa)jGj
jepr
st. (x,z,0) € Q.

Formulation F? can be preferred to formulation F} for solving an OWAP, since it may provide tighter linear programming
bounds, given that, for fractional vectors z satisfying constraints (11b)-(11c), constraints (11d®) are dominated by
constraints (11d).

In the search for optimal solutions to the OWAP any formulation whose optimal solution set coincides with that of the
OWAP can be of interest. Such formulations could be preferred because they use fewer variables or constraints, or because
their feasible domain has a structure which is easier to explore. Next we present three such formulations. All of them can
be seen as relaxations of formulation F# in the sense that their feasible domains contain €. However, all of them are valid
formulations for the OWAP since they preserve the set of optimal solutions of FZ, i.e. their set of optimal solutions coincides
with that of FZ. First we prove a property of optimal solutions.

Lemma 2. Let (x*, z*, 0*) € QF be an optimal solution to F*. Then for each j € P there existsi € P with 0]-* = Cix*.

Proof. Let X be a feasible solution in Q. Then, there exists a positions permutation ¢ that sorts the cost function values in a
non-increasing order. That is, C%Xx > C%+1x, Vj € P\ {p}. Therefore, we can setZ = (201 j)jer and 6 = (C%X)jep. Since this is
true for each x € Q, itis true in particular for x*. O

From the above lemma, we observe that Q is always non empty, provided that Q is non empty.
Let Q%, = {(x, z, 6) satisfying constraints (11b), (11c), (11d), (11f)}, i.e, 2, is the relaxation of the domain 2* once the
set of constraints (11e) is removed. Next, consider the formulation

zZ . — i -6
Fgy : V = min E w;b;
Jjep

st (x,z,0) € Q.

Property 3. Every optimal solution to F§, is also optimal to F*.

Proof. Since Q* C QF, it is enough to prove that any optimal solution to Fg, is feasible to F?. Let (x,z,6) € Qf; be an
optimal solution to F; and o a permutation that sorts the cost function values of x. Let us see that 6 verify constraint (11e).

If i > j then C%x occupies, in the sorted sequence of objective values, a position greater than or equal to the jth. Thus,
constraint (11d) implies that §; > max;>; C°x. Since we are minimizing a function which is a linear combination with
non-negative weights of the 6 variables, it follows that in any optimal solution 6; = max;~; C%x since, otherwise, the value
of §; could be decreased to max;-; C°'x, while keeping all other variables values unchanged and without increasing the
objective function value. Therefore (11e) holds since, otherwise, there would exist j' such that6y 1 > 6; < max;>j+1 C7ix >
max;=; C%x, which is not possible. O
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Consider now Q%, = {(x, z, 6) satisfying constraints (11b), (11d), (11f)}, i.e., €2, is the relaxation of the domain %, once
the set of constraints (11c) is removed. Next, consider the formulation

F)%Z : V = min Z a)jej
jep
st. (x,z,0) € Q.

Property 4. Every optimal solution to FZ, is also optimal to F.
Proof. Since Q* C %, it is enough to prove that any optimal solution to F%, is feasible to F?. Let (x, z, ) be an optimal
solution to FZ,.If (x, z, 0) is optimal to FZ, then, by using Property 3, (x, z, 6) is also optimal to F*. Thus, to prove that (x, z, 8)
is optimal to FZ, it suffices to prove that (x, z, 6) satisfies inequalities (11c).

We prove first that ZjeP zj < 1foralli € P.Using the notation r; = Zkzi Zir, for all i, j € P, constraints (11d) can be
rewritten as

Cx < 6+ M1 —1y) & 6 = Cx+ My — 1).
Therefore, for allj € P,
0 = me})x{Cix + M — D}
1€

Suppose there exists i’ € P with Zjel’ zy; = r > 1,and letj’ = argmax{ry; = 2 | j € P}. If several indices exist with
> jepZij > 1we select i’ as the one with maximum associated j'.

The criterion for the selection of i’ and the definition of j' imply that ryy = 2 and ry < 1foralli # i'.
Therefore, since M is a strict upper bound on the value of any cost function, the actual value of §; is determined by cost
function i’, and we have

6y = C'x+M(ryy — 1) = C'x + M.

Also, ry; > 2 for all j < j'. Thus, 6; > C'x+ M for allj < j. Furthermore, rj < 1foralli € P,j > j,implying that §; < M for
allj > j.
_Observe, on the other hand, that D jepZrj > 1 implies that there exists some i € P,i" # i with } ;_, zy; = 0. (Other-
wise, adding up all constraints (11b) we get a contradiction.)
Let us now define the solution (x, z, #) € Q%, with the same x components as above, where

0 ifi=1, andj=j

zi=131 ifi=i, andj=j
z; otherwise.

Itisclearthat} |, Zyj = r—1,and, ) . Zyx = ryj— 1, forallj < j.Itisalsoclear that } 5, ., Zy; = 1,and, } . Zik = 1, for

allj <j,and0forj > j'.Forallotheri # i’ i",itholds that ) ;_, Zvj = } ;.p Zj. Since } . Zy < 1,foralli € P we now have

i <
0y = max {cfx+ M (Zz,—k - 1) } <M <C'x+M=6,
k>j'
and, 0; < 6;, forallj # .

Therefore, since we are minimizing a linear function with non-negative weights of the 6 variables, the objective function
value of (x, z, ) is smaller than that of (x, z, ), contradicting the optimality of (x, z, 6). Hence, ZjeP zj < 1foralli e P.
Let us, finally, see that } _,_, z; # O foralli € P. Assume on the contrary that ), zy; = 0 for some i’ € P. Then, by
adding up all constraints (11b) we get p = 3 p (Xicp Zi) = Yoicp (Djep Zi) = Doiepini (DjepZi) < P — 1, which is
impossible. O

We now consider the inequality version of constraints (11b)
> zj<1 jeP. (11b-)
ieP

Remark 3. Observe that when inequalities (11b<) hold, constraints (11d) are no longer equivalent to (11d").

Let us define the domain %, = {(x, z, 0) satisfying constraints (11b<), (11d’), (11f)}.
It is clear that Q* C Q%,. However, as we next see, both sets are equivalent for the minimization of the objective (11a)
in the sense that they define the same set of optimal solutions. Consider the problem

FI§3 V = min Z a)jej
jepr
st (x,z,0) € Q.
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Lemma 5. QF, C Qf,.

Proof. We prove that any feasible solution (x, z, 6) € Q%, verifies that (x, z, 6) € Q%,. To prove this, it is only necessary to
prove that (x, z, 6) verifies (11d’). From (11d) we have that (x, z, 0) verifies

szm,,ax Cix—M<l—Zzik)}, jepP (17)

k>j

and for (11d’), we have to prove that (x, z, ) also verifies

6; > max C’X—M(Zzik)], jeP. (18)

k<j

We distinguish the following cases:

o If Zkzj Zvk =1 > 1for some i’ then

szCi/x+(r—l)Mzmax[C’X—M(Zzik>}, (19)

k<j

and the result holds.

o If Y,z = 1foralli € P then §; > max;{C'x} > max; {C'x — M (3_,_; zi) } and the result is also proven.

o If Zkzj zy = 0 for some i’ then we distinguish two subcases. lf2k<j Zyx > 1then from (17) we easily get that (18) holds.
Otherwise, Y ,.p zrk = 0 and by (11b) there does exist an i such that Zkzj zyx = r > 1. Thus, by using (19), Eq. (18)
alsoholds. O

Property 6. F* and F;; have the same set of optimal solutions.

Proof. Since Q° C Q%, and Qf, C Q%, then Q° C Qf; and it is enough to prove that any optimal solution to FZ; is feasible
to F7. Since the set of optimal solutions of F* and Fg, coincides, we only need to prove that any optimal solution of FZ, is
feasible for F%,.

To see that any optimal solution (x, z, 0) to Fz, is feasible to FZ,, it is enough to see that (x, z, 0) € Qf,, i.e. it satisfies
inequalities (11b) and (11d).

By a similar argument to the one applied in Property 4, any optimal solution (x, z, 0) of FZ; satisfies Zjel’ zj = 1. There-
fore, satisfying inequality (11d’) implies inequality (11d).

Now (11b) follows directly from (11c) and (11b<) since, otherwise, the sum of all constraints (11b<) would not coincide
with the sum of all constraints (11c).

To see that (x, z, 0) also satisfies (11b), let us suppose w.l.o.g. that there exists exactly onej’ € P suchthat ", , zy = 0.
Then, by adding up all constraints (11b<) wehavep—1> >, > "icp Zj = > icp D_jcp Zj- Therefore, there must existi’ € P

such that } ;_, zyj = 0. Thus, we observe that we can construct (x, Z, 6), another optimal solution to FZ,, setting Z; = z;;, if
i # i’ and Zy, = 1 for any k. Clearly, (x, Z, 6) is a feasible solution to F%; for some suitable 6, satisfying in addition

C'x <O+ M Zz,-/,_;, Vk € P.
<k

Therefore, this inequality allows for any k € P that 6, assumes a value smaller than or equal to 6y, the one associated with
the solution (x, z, 8), and therefore its objective value is at least as good as the previous one. Hence, (x, z, 0) is also optimal.
In addition, values Z satisfy by construction that ) ,_, zy = Z#i, zij + zyy = 0+ 1 = 1. Therefore (11b) holds. O

We can now relate the domains of the formulations considered so far.

Proposition 7. The following relationships hold

Q=@ C Dy & Uy & Qs
Proof. e Q* C Qf;: Every feasible solution in Q* verifies inequalities of Q%,. However, a feasible solution in Q%; with
0; < 641 for some j € P is not feasible in Q.
o Qf, C Qf,: Every feasible solution in QF, verifies the inequalities of QF,. However, a feasible solution in ©, where for
somei e P, z; = 1,forallj € P is not feasible in ;.
o QF, C Qi,: Every feasible solution in Q%, verifies the inequalities of ©F,. However, a feasible solution in Q%,; with
zj =0, i,j € Pis not feasible in Qf,. O

Proposition 8. The dimension of Q3 is p*> — p + 1+ dim(Q).
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Proof. Suppose Q C R". Then, Qf is embedded in a space of dimension p? + p + n. Furthermore, since there are 2p — 1
linearly independent equations in (11b) and (11c) and the dimension of Q does not depend on relations (11b)-(11e), then
the dimension of (11b)-(11f) is at most p?> — p + 1+ dim(Q). Denote q = dim(Q) and p = p? — 2p + 1. Next, we show that
there exist q + o +p + 1 (equal to p? — p+ 2 + dim(Q)) affinely independent points in Qf and consequently, the dimension
of @ is p* — p+ 1+ dim(Q).

Let v = (vj)jep Where v; = M +p —j + 1for M > 0 and sufficiently large. Denoting by el e RP the jth vector of the
canonical basisin R? and 0 < ¢ < 1,let ¢/ = {v + ¢él,j € P}. Moreover, let 8?71 = (M, ..., M)". We observe that the
vectors #/,j =1, ..., p + 1are affinely independent and each one of them satisfies inequalities (11e).

Next, since dim(Q) = q, we take q + 1 arbitrary affinely independent vectors X € Q,i = 1, ..., q + 1. Furthermore,
let ¥ € {0, 1}1"2 k=1,...,p+ 1, be p + 1 affinely independent vectors satisfying (11b) and (11c). Note that the latter is
always possible since there are p? degrees of freedom for the coordinates of z variables and only 2p equations being one of
them linearly dependent of the others.

Now, we prove that any point of the form ((x'), (z*)', @)Y i=1,....,.q+1L,k=1,....,p+1, I =1,...,p+ 1
satisfies (11b)-(11e). Indeed, by construction the first block of coordinates defines a point in Q, the second block satisfies
(11b) and (11c) and the third one (11e). Thus, it remains to prove that such a generic point also satisfies (11d) as follows:

CX <M <M+p—j+1=<6+M1-z). Vij

Consider the q 4 p + p points defined as the column vectors of the matrix A = (A'|A%|A3) where

x' X X x'oxt Al xoxt Xt X
Al=1|22 2 ... 2V, A=\ 2 ...z, A=\ 2 2 ...
0% o' ... 0! 0% o' ... o! o' 9% 03 ... o

By construction, each submatrix A’ has its column vectors linearly independent from one another since the ith block is
formed by linearly independent vectors. Next, clearly each column vector of A' is linearly independent from those of A> and
A? and each column vector of A? is linearly independent from those of A>. Therefore, the rank of Ais g+ p+p = q+p*—p+1.

Finally, the column vectors of A are linearly independent and feasible points of (11b)-(11e). In addition, we can easily
construct another feasible point, different from those considered previously and affinely independent of all of them, namely
((xT+1Y, (z°*1Y, (6P*1Y'Y. Hence the dimensionof Q?isq+p+p=q+p>—p+1. O

Proposition 9. The following inequalities define facets in QF:

Cx <6, +M(1—zp) icP (20)
6 = 6j11 jeP:j<p. (21)

Proof. (20) is a facet defining inequality:

We prove that for each i’ € P there exist dim(Q2§) = p? — p + dim(Q) + 1 affinely independent points of QF that verify
C'x =6, + M(1 —zy,).

As in the proof of the above proposition, we take q + 1 arbitrary affinely independent points x',i = 1,...,q+ 1in Q.
Furthermore, let z¥ € {0, 1}”2 k = 1,..., p, be p affinely independent points (recall that p = p?> — 2p + 1) satisfying
(11b), (11c) and zy, = 1. Note that the latter is always possible since there are p? degrees of freedom for the coordinates of
z variables and 2p non redundant equations (2p — 1 as in the case above and zy, = 1).

Let v' = (v))jep Where v} = C'x'+ M +p—jifj < pand v = C'x' for M > 0 and sufficiently large. Denoting by
& € RP the jth vector of the canonical basis in R? and 0 < ¢ < 1,let 8% = {v' + ¢el,j € P}ifj < pand 6% = v, gtP+! =
(C'X' + M, ...,C'x! + M, C'x!)". We observe that for each I fixed, the vectors 8% j = 1, ..., p + 1 are affinely independent
and each one of them satisfies inequalities (11e).

Now, we prove that any point of the form ((x')’, (z*)’, 0%))Y k=1,...,p, j=1,...,p + 1 satisfies (11b)-(11e) and
z!fp = 1. Indeed, by construction the first block of coordinates defines a point in Q, the second block satisfies (11b), (11c)
and zy, = 1, and the third one (11e). Thus, it remains to prove that such a generic point also satisfies (11d). We distinguish
two cases:

e Ifj < pthen

Cf <X +MAp—j+1+M=CH+M+p—j+M1-2=0"+M1 -2, Vi
e If j = p we have that

C <X +M=C'"+M1-2f), Vii,

c'x < C'xl = c'x + M(1— szp), otherwise. (Recall that z}fp =1.)
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Consider the g + p — 1 + p points defined as the column vectors of the matrix A = (A'|A%|A%) where

1 1 1 1 1 1

x! ox XX
Al=122 22 ... 2|, A= 2 ...z, A=\ 2 21 .. 7
ot g2t .. 94! er o' ... oM o1t 61?2 g8 o

By construction, each submatrix A’ has its column vectors linearly independent from one another since the ith block is
formed by linearly independent vectors. Next, clearly each column vector of Al is linearly independent from those of A and
A3 and each column vector of A2 is linearly independent from those of A3. Therefore, the rank of Ais g+p —14+p = g+p*—p.

Fmally, the column vectors of A together with the point ((x4+1), (z°*'), (69719)")’ are feasible pomts of (11b)-(11e) that
satisfy C'x = 0, + M(1 — zyp); and this last vector is clearly affinely independent from the those in A, therefore (20) is a
facet defining mequallty for Q.

(21) is a facet defining inequality:
In order to prove that for eachj’ € P\ {p} there exist dim(2) = p* — p+dim(Q) + 1 affinely independent points of QF

that verify 6y = 6y,1, we can proceed analogously as before considering v = (vj)] pwherevy=M+p—j+1ifj#j+1
and vy41 = M + p — j' + 2 and the points o = {(v+e(@ +e +1), j € P\ {p}}. In addition, we take or = M, ...,M).We
observe that the vectors éjj =1, ..., pare affinely independent and each one of them satisfies ¢9j, = 0]!,“.

Any point of the form ((x'), (z¥), @)Y i=1,....q+ 1,k=1,....,p+ 1, [ = 1,...,p satisfies (11b)~(11e) and
0 = -

Consider the g + p + p — 1 points defined as the column vectors of the matrix A = (/2\1 |A2 |A3) where

x' XX x' x! x! XXX A
Al=122 ' ... 2], A=|z' 2 2|, A=[z2' 2 21 .. z!
6> o' ... o 6% o o' o' 9% o3 or—1

By construction, each submatrix Al has its column vectors linearly independent from one another since the ith block is
formed by linearly independent vectors. Next, clearly each column vector of Alis linearly independent from those of A% and
A3 and each column vector of A2 is linearly independent from those of A3. Therefore, the rank of A is q+p+p—1=q+p*>—p.

Finally, the column vectors of Aare linearly independent and are also feasible points of (11b)-(11e) that satisfy 6y = 6;41.
Next, we can easily add a new feasible point, for instance ((x31)’, (z°+1)’, (6P)')’ that also satisfies 0y = 6711 and that is
clearly affinely independent from the those in A. Hence, (21) is a facet defining inequality for Q*. O

Table 6 summarizes the previous proposed formulations. Formulas included on each formulation have been checked (v)
whereas those not appearing are marked with a dot ().

3.3. OWAP formulations with variables for the values of cost functions occupying specific sorted positions

Another OWAP formulation can be obtained by defining an additional set of continuous variables y = (y;)ijep € RP*?,
where y;; denotes the value of cost function i if it occupies the jth position in the ordering. The formulation is as follows:

Fy: V= minijZy,-j (22a)

jepr ieP

Zzzj =1 jepr (22b)
ieP

D zi=1 ieP (22¢)
jep

Cx <Y yr+M(1—z) i,jeP (22d°)

i'eP

D V=Y vin jeP:j<p (22e)
ieP ieP

x€Q,z e {0, 1}P*P, (22f)

Next we study some properties of formulation F,” and relate it to the OWAP formulations presented above. Denote by Q¢
the domain of Problem ng. Consider first, for any M > 0 sufficiently large, the following set of inequalities

Yi < Mz;, 1i,jeP. (22g)
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Table 6
Summary of the proposed formulations for the OWAP.
FEF R R Py
min } . p @;6; o/ v v
Yiepzi=1,j€P vV v
iep Zi = 1, z epP v v/ v/ . .
Yz <1.4€P e
Cx <6 +M(1—z), i,jeP v . .
Cx<O+M(1=Yz). i.jeP . ooV v :
CIXSGj-‘rMqu-Zik, i,jeP . . . . v
0; > 61, j€EPj<p
xe€Q,z e {0, 1} v v v v v

Property 10. There is an optimal solution to Féy for which constraints (22g) hold.

Proof. Observe that constraints (22d®) imply that D kepYii = C ixforalli,j € Pwith z;j = 1.Since constraints (22b) indicate
that for j € P fixed there exists a unique index, say i(j) with z; ; = 1, the above condition reduces to Y, _, yij > C'0x, for

allj € P. Because of the non-negativity of the cost coefficients, we can thus deduce that an optimal solution exists to ng in
which

Zykj = C0x, forallje P. (23)
keP

Letnow (x,y,2) € Qf,y be such an optimal solution, and suppose it violates some constraint (22g). That is, there exist i, j/ € P
with yyy > Mzyy. Hence, Y, yi7 > Mzyy, contradicting (23) unless zyy = 0. In other words, i(j') # 7.
Consider now the solution (x, y, z), with the same x and z values as before where y is defined as follows:

0 ifi=1i, andj=j
Vi = \Yig)g +yiy  ifi=1i("), andj =]
Yij otherwise.

Indeed (x,y,z) € Q7 as it is immediate to check that it satisfies constraints (22b)—(22f). Furthermore, by construction,
it satisfies the constraint (22g) associated with i, j’. Finally, note that it is optimal to F2’, since Y icp Vi = > icp yij» for all
jeP. O

Note that if there is j € P with w; = 0 then it is possible to have optimal solutions to Féy that do not satisfy constraints (22g).
However, because of Property 10, constraints (22g) can be useful to restrict the domain where optimal solutions are sought.
Let

Q% = {(x,y, z, 0) satisfying constraints (22b), (22¢), (22d°), (22e), (22f), (22g)}.
Then, a different formulation that also ensures to obtain an optimal solutions to F;’ is:
F®' : vV = min ijej
jeP
st. (x%,y,2,0) € Q.
Formulation F%' is closely related to the formulation used in Galand and Spanjaard [7] for modeling the minimum cost

spanning tree OWAP. In their formulation they operate on a domain which is like 25 except that constraints (22d°) have
been substituted by constraints

Y yij=Cx ieP. (22h)
jep
Let Q% = {(x, y, z, 0) satisfying constraints (22b), (22c), (22e), (22f), (22g), (22h)}, denote the domain used in [7]. Then,
it is straightforward to conclude the following.
Property 11. The domains Q5 and Q% satisfy Q¢ < Q. Moreover, if (x*, y*, z*) is an optimal solution of F' then it is
also optimal for F® and conversely.
We can also relate F” with FZ and its variations. In particular, because of the relationship
9j = Zy,»j, jep (25)
ieP
we have:
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Table 7
Summary of the proposed formulations for the OWAP.

-
c8
-
&

2y 2y 2y
Fai Fry Frs

minycp @ Y icp Vi

ZiePzU:LjEP

ANENEEEN

ANENEEEN
<
<

jeP Zjj = 1,ieP v . .
iz <1,j€P : : : : v
C':X < Zi/epyi’j +M(l —Zij), 1,] epP v . g .

CX < Y yepyij +M (1= 2u), L,j€P . v v v .
C'x =< Zi’gpyi’j + Mzk<jzika iaj ep : : ‘ : v
YierYi = YicpYir1:J EPj<p

xe€Q,z e {0, 1}P*P v v v v v

Property 12. For each optimal solution to ng, (x*,y*, z*, 6%), there exists (x*, z*, 6*) optimal solution for F; and conversely.
Moreover, 3 jcp wj X icp ¥ = 2_jep Wit}

By the above result, we can derive variations of F? similar to the ones obtained for F* with similar properties. These con-
structions are straightforward and therefore are left for the interested readers.

Table 7 summarizes the formulations proposed in this subsection that can be derived from those of Section 3.2. Con-
straints included in each formulation have been checked (v') whereas those not appearing are marked with a dot (-).

3.4. Using variables defining relative positions of sorted cost function values

We close this section with another formulation which uses decision variables defining the relative positions of the sorted
cost function values. As we have seen in Section 3.1 it is possible to describe permutations with variables representing the
relative positions of the sorted values. Next we use such variables to obtain formulations for the OWAP.

Fori, j € P, consider the binary variable s;, i,j € P as

6 — 1 if cost function i is placed before position j in the ordering,
Y710 otherwise.

As we have seen in Section 3.1, foralli,j € P, sj = 1— Zkzi Zik, 1,j € P.Therefore, variables z and s are related by means of

Sjg1—S;j 1€P,j=1,...,p—1

4=)1-s; ieP,j=p. (26)
Thus, we can reformulate the OWAP in the new space of the s variables as
FF:V= minZa)ij (27a)
jepP

st Y sj=j—1 jeP (27b)
ieP
Sijir1— S =0 iLjeP:j<p (27¢)
C'x < 6; + Ms;; i,jeP (27d)
0; > 014 jeP:j<p (27e)
x€Q,s e {0, 1}P*P, (271)

Since F* is obtained from F? by a change of variable and there is a one to one correspondence between feasible solutions,
we can state the following result. Let Q° be the feasible region of Problem F*.

Property 13. For each solution (x, s, ) € Q° there exists (x, z, ) € QF with equal objective value and conversely.

By analogy with the notation used in Section 3.2 let us define the following domains and problems related to F*:
F;l : V = min Z a)j@j
jepP
st (x,5,0) € Qyy
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with @4, = {(x, s, 0) satisfying constraints (27b), (27c), (27d), (27f)}.
Fp, 1 V= minijQj
jep
st (x,5,0) €
with @, = {(x, s, 0) satisfying constraints (27b), (27d), (27f)}.
Ffy : V= minZa)ij
jepP
st (x,z,0) € Q4

with Q}; = {(x, s, 0) satisfying constraints (27b-), (27d), (27f)}, where (27b-) are the inequality version of constraints
(27b). That is,

Y sj<i—1 jeP. (27b-)
ieP
Property 14. The following relationships hold.

1. Every optimal solution to Fy, is optimal to F* and conversely.

2. Every optimal solution to Fy, is optimal to F° and conversely.

3. Every optimal solution to Fy, is optimal to F* and conversely.

4@ C Dy C D © D

Proof. The proofs of the above statements follow directly from the relationship that links variables z and s, namely (9)

and (10). Specifically, statement 1 follows from Property 3, statement 2 from Property 4, statement 3 from Property 6 and
statement 4 from Proposition 7. O

3.5. Formulations summary

Table 8 summarizes the previous formulations in this subsection. Constraints included in each formulation have been
checked (v) whereas those not appearing are marked with a dot (-).

4. Valid inequalities and reinforcements for the OWAP formulation

4.1. Valid inequalities for the (OWAP) formulation

In this section we derive different valid inequalities for all the formulations presented in previous sections. For the sake
of simplicity, we present all inequalities for the formulations developed in Section 3.2. However, all these inequalities can
be easily adapted to the remaining formulations just by means of the substitutions explained by Egs. (10) and (25).

o Constraints related to bounds of cost function values. Let I; (u;) denote the minimum (maximum) objective value relative
to cost function i € P, respectively. It is clear that I; (u;) are valid lower (upper) bounds on the value of objective i, in-
dependently of the position of cost function i in the ordering. Therefore we obtain the following two sets of constraints
which are valid for the OWAP:

lL<Cx<u ieP. (31)
e Constraints related to bounds of values in specific positions. Let l]’f (uj?r ) denote the jth lowest (largest) value of l; (u;). Then,
lj’f (uj’-r ) is a valid lower (upper) bound of the objective function sorted in position j, that is

F<6<u’ jeP. (32)
o Constraints related to bounds of cost function values in specific positions. Let l; and u;; denote valid lower and upper bounds

on the value of objective i if it occupies position j, respectively. Then, lower and upper bounds on the value of objective
iare

minl; < C'x < maxu; i€ P. (33)
jepP jepP

Analogously to (32), we can sort the jth lowest (largest) value of minjep I;; obtaining the following inequality
minl; < 6; < maxu; j € P. (34)
ieP ieP

e There are also different bounds on the value of the cost function i and the value of the cost function sorted in position j:

Z max{l;, [ }z;j < Cix < Z min{u;, uf' }z; i€P (35)
jepP jepP
> max{li, I")z; < 6; < Y minfu;, u}z; j € P. (36)

ieP ieP
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Table 8
Summary of the proposed formulations for the OWAP.

FoF Fe Py

min ), w;6; o v v
YipSi=j—1jeP v ooV v

Sij+1 —Sj > 0,i,jeP:j<p v v .
DiepSi Si—1j€P : :

C'x <6, +Msy, i,jeP ooV v

0; >0, JEP:j<p v

x€Q,z e {0, 1}P*P v v v v

e The inclusion of the following constraint also allows to consider, in the original formulations in Section 3, weights w € R
that, consequently, could take both negative and positive values.

6 < m%x{uu, C'x+M(Q —z)} i,jeP. (37)
1S

e Constraints related to positions in the ordering. Constraints (38) impose that the position values are ordered in a non-
increasing order.

6> 61 j € P\{p). (38)
e Constraints related to subsets of cost functions. Next, we observe that for any subsetI C P, of sizek =1,...,p
) k
> Cx<) 6 I1cP. (39)
iel j=1

In particular, we consider the cases when I = {i}, I = {i,i’ e P}, = P \ {i}and I = P.

4.2. Valid inequalities for the (OWAP2) formulation

Note first that all previous inequalities from Section 4.1 can be applied to the two-index formulation of the OWAP substi-
tuting 6; = Y ,;_p ¥y Additionally, the following inequalities provide a reinforcement to the formulations using y variables:

e The following inequality combined with (22e) improves considerably the LP relaxation of the OWAP
> yi=Cx ieP. (40)
keP

e Constraint (22e) can be disaggregated by j € P as:

Vi < Zyi’j + minf{u;, u} (1 - Zzik) i,jeP. (41)
=

i’eP
e We can also establish a lower bound on the value of cost function i € P if it is ordered in position j € P by relating the
X,y and z variables as follows:
Cx<yj+u'(1—z) ijeP. (42)

Observe that, for i, j fixed, the above constraint imposes a lower bound on the value y; only when cost functioni € P is
ordered in position j € P, and becomes inactive otherwise.
e We can also relate the values of two different cost functions between them, depending on their positions. In particular,

Z yik <yrj+ui(1 —zyj—zy) i,i,jeP,i#i,j#p. (43)

k=j+1
For i, i, j fixed, constraint (43) establishes that when cost function i’ occupies position j, its value cannot be smaller than
that of cost function i, provided that cost function i is ordered after j. Observe that the constraint becomes inactive when
i is ordered before j or is in j position (since in this case Zkzi+1 Vi = 0) and when i’ does not occupy position j.

o A better effectiveness of the previous inequalities can be obtained by means of

Vi1 <Yij+ (= zjp)uypr + (1 —zguy; i, jePi#i,j#p (44)

which can be further reinforced to

Yiprr < Yo+ (1= zjpr) minfu;, uf )} + (1 — zy) min{uy, uf} i,§,j€P,i#1i,j#p. (45)
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4.3. Lower and upper bounds: elimination tests

Several of the inequalities presented above use valid lower and upper bounds on the values of the different cost functions,
l; and u;, respectively. As mentioned above, the minimum and the maximum objective value with respect to each cost
function provide such bounds. However, tighter bounds can be very useful for obtaining tighter constraints. One possibility
is to use lower and upper bounds on the value of each objective for the different positions in the ordering. In particular, if
L and U;; denote valid lower and upper bounds on the value of objective i if it occupies position j, respectively, then lower
and upper bounds on the value of objective i are [; = minjep Lj and u; = max;ep Uy, respectively. For i, j € P given, L; and
Ujj can be obtained in different ways. One alternative is to solve the linear programming (LP) relaxation of the formulation,
both for the minimization and the maximization of cost function i, with the additional constraint that it occupies position
Jj. In this case L; (Uy) is the optimal value of the minimization (maximization) OWAP problem in which we fix the ordering
variable at value 1,i.e.z; = 1.

Next we present simple tests which can help to eliminate some variables by fixing their values. Broadly speaking these
tests compare the value of a lower bound associated with the decision of setting (or not setting) objective i at position j with
the value of a known upper bound. If the value of the lower bound exceeds the value of the upper bound, the associated
decision variable can be fixed. Any feasible solution yields a valid upper bound, which corresponds to its value with respect
to the objective function. In the following we use U to denote the value of the upper bound corresponding to the best-known
solution. We also denote by Lg the optimal value of the minimization OWAP problem in which we fix the ordering variable
atvalue 0, i.e. z; = 0. Then for eachi € P, j € P we have

e If L; > U then z; = 0 (no optimal solution will have objective i in position j).
° lng > U then z; = 1 (no optimal solution will not have objective i in position j).

5. The OWA problem on shortest paths and minimum cost perfect matchings

This section presents the formulations of the combinatorial objects that we use in our computational experiments,
namely shortest paths and minimum cost perfect matchings. In order to test our results we have chosen two of the most
well-known formulations for these two problems. These formulations have to be combined with those presented in previous
sections to provide valid OWAP models for the Shortest Path Problem (SPP) (see e.g. [2,21]) and the Perfect Matching Problem
(PMP) (see e.g. [3,8]). All the details are given in what follows.

5.1. The shortest path problem

We consider now the OWAP when Q is the SPP (see e.g. [2]). Let G = (V, E) be an undirected graph with set of vertices
V,|V| = nand set of edges E, |E| = m. In addition to the sets of variables required to model the order of the p cost functions
ranked by non-increasing criterion values, we will need additional variables used to model the structure of the combinato-
rial object (shortest path in this case). For modeling the shortest path between two selected vertices, uq, u, € V we use a
flow-based formulation, in which binary design variables x are related to continuous flow variables ¢. In particular, for each
e=(u,v) € Elet

= — 1 edgee = (u, v) is in the shortest path,
e =" =10 otherwise.

As usual, paths between uy, u,, € V canbe obtained by identifying the arcs that are used when one unit of flow is sent from 4
to u,. For the flow variables we consider a directed network, with set of vertices V and set of arcs A which contains two arcs,
one in each direction, associated with each edge of E. For each (u, v) € A we define the decision variables ¢,, which repre-
sents the amount of flow through arc (u, v). Then a characterization of the domain of feasible solutions (Q) for the SPP is:

Z Puv — Z Oou = 1 U=1u (463)

(u,v)eA (u,v)eA

Y o= D pu=-1u=u, (46b)
(u,v)eA (u,v)eA

Z Pup — Z Yuu=0 ueV\ {ug, up} (46¢)
(u,v)eA (u,v)eA
Puv + Pou < Xup (u,v) €E (46d)
P =0 (u,v) €A (46e)
xe € {0, 1} eckE. (46f)

Constraints (46a)—(46c¢) guarantee flow conservation at any vertex of the network. Constraints (46d) relate the ¢ and x
variables, by imposing that all the edges used for sending flow in some direction are activated.
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5.2. The perfect matching problem

We consider now the OWAP when Q is the PMP (see e.g. [3]). It is well known that the PMP is polynomially solvable by
using the Blossom algorithm [3]. However, to the best of our knowledge it is not known how such an algorithm could be
used for solving an OWAP in which Q is given by the set of perfect matchings on a given graph. Indeed, this can be done by
using any of the OWAP formulations we have introduced in the previous sections.

Let G = (V,E) be an undirected graph with set of vertices V, |V| = n and set of edges E, |[E| = m. In addition to
the sets of variables required to model the order of the p cost functions ranked by non-increasing criterion values, we
will need additional variables used to model the structure of the combinatorial object (perfect matching in this case). For
modeling the perfect matching we use binary design variables x associated with the edges of the graph. In particular, for
eache = (u,v) € E let

1 edge e = (u, v) is in the matching,

Xe = Xyy = .
€ uv {O otherwise.

We introduce some additional notation. For S C V,E(S) = {e = (u,v) € E |u,v € S}and §(S) = {e = (u,v) € E |u e
S,v € S}. When S is a singleton, i.e. S = {u} with u € V we simply write §({u}) = 8(u). Then, a characterization of the
domain of feasible solutions for the PMP (Q) is:

Z X=1 ueV (47a)
ecs(u)
X €{0,1} ecE. (47b)

Constraints (47a) guarantee that in the solution the degree of every vertex is one.

6. Computational experience

In this section we report on the results of some computational experiments we have run, in order to compare empirically
the proposed formulations and reinforcements. We have studied the OWAP over the two combinatorial objects proposed:
shortest paths and minimum cost perfect matchings. The best formulation obtained for each combinatorial object, has been
later used for studying the proposed valid inequalities, including them one by one separately. Then, for each combinatorial
object, we have obtained results for 14 basic formulations (i.e., without adding any valid inequality) plus 19 “reinforced”
formulations. For the sake of readability, we display results in tables just for the three best basic formulations and graphics
for both basic and reinforced formulations. For further details, the reader may refer to Fernandez et al. [5] in order to check
all the results obtained in the computational experiments organized by tables.

The OWA operator allows to model various aggregation functions according to the vector of weights w (see e.g. [16]).
Some examples are the minimum, maximum, median, center or k-centrum functions. Therefore, the variation of w into
non/monotonic or non/symmetric weights is directly connected with a problem structure and thus with a problem com-
plexity [11]. Some elegant linearization of OWA functions have been proposed in the literature for some subclasses of OWA
operators (see e.g. [17,18], for convex OWA with decreasing weights). For keeping the extension of the paper within some
reasonable limits, in our computational experience we study a particular case of the OWA operator, namely the Hurwicz cri-
terion [10], defined as @ max;cp y;+(1—a) min;cp y;. This criterion is non-monotonic and non-convex and, in our experience,
its behavior in terms of computational effort to get optimal solutions is similar to that of other non-convex OWA criteria.
In addition, this objective has been already considered when analyzing the behavior of OWA operators in multiobjective
optimization (see e.g. [7]) and it is of special interest for being non-convex since the sorting weights, «, are not in a non-
increasing order [9,20]. The considered values of « are {0.4, 0.6, 0.8} and the number of objectives ranges in |P| € {4, 7, 10}.
Graphs generation is described below considering three different sizes of the graph according to |V| € {100, 225, 400}. In
addition, for each selection of the parameters (|V|, p, «), 10 instances were randomly generated so, in total, we have a set of
270 benchmark instances. All instances were solved with the MIP Xpress optimizer, under a Windows 7 environment in an
Intel(R) Core(TM)i7 CPU 2.93 GHz processor and 8 GB RAM. Default values were used for all solver parameters. A CPU time
limit of 600 s was set.

For the benchmark instances, we generated square grid networks produced as with the SPGRID generator of Cherkassky
et al. [2] for both combinatorial objects. Nodes of these graphs correspond to points on the plane with integer coordinates
[x,y],1 <x < /[V],1 <y < J/[V]. These points are connected “forward” by arcs of the form ([x, y], [x + 1,y]), 1 <x <
VIV, 1 <y < J/|V[; “up” by arcs of the form ([x, y], [x,y + 1]), 1 < x < /]V], 1 <y < /][V] and “down” by arcs of the
form ([x,y], [x,y — 1]), 1 <x < /[V], 1 <y < 4/]V] and by arcs of the form ([x, y], [x + 1,y — 1]), 1 <x < /[V], 1 <
¥y < J/]V]. The components of the cost vectors are randomly drawn from a uniform distribution on [1, 100]. Note also that
shortest paths are computed between nodes 1 and |V | whereas node |V| is removed for the PMP when |V| is odd.

Each of our tables reports the following items. Each row corresponds to a group of 10 instances with the same charac-
teristics (|P|, |V|, «) indicated in the first three columns. Column t(#) reports firstly the average running time in seconds
of the 10 instances of the row. In addition, if at least one instance reaches the CPU time limit, we indicate in brackets the
number of instances that could be solved to optimality within the maximum CPU time limit and, in such a case, we compute
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Fig. 1. Comparative results for the proposed OWAP basic formulations applied to the shortest path problem (p = 10, |V| = 400).

the average running time by using the CPU time limit for those instances that could not be solved to optimality. Column
t*/gap* reports the biggest CPU time over the 10 instances of the group. Whenever the time limit is reached, the relative
gap (indicated with a percentage %) is reported instead. Column #nodes indicates the average number of nodes explored in
the branch and bound tree and column gap; reports the relative gap computed with the best solution found by the solver
and the linear relaxation optima at the root node. All tables report analogous items for the different formulations described
along the paper. The best three formulations for each combinatorial object are FZ,, Fgy, and F* for the SPP; and FZ,, Fg}, and
Fg, for the PMP. Entries in bold remark best values among the 16 basic formulations (all tables are available at [5]).

Figs. 1 and 2 summarize the comparative results of all proposed basic formulations applied to each combinatorial object
respectively. In these graphics the x-axis displays the different variations of the formulations presented in Section 3 and
the y-axis the features analyzed. All displayed bars represent percentages of mean values computed over 90 instances with
|V| = 400. These are the 90 hardest instances for the solver among the 270 we generated.

In particular the row labeled with “t, gap” shows a bar with the mean values of the running times measured in percentage
over 600 s. For those instances reaching the time limit, we compute the mean running time taking the value of the time limit.
Moreover, a dashed line indicates the percentage of worst case gap among those instances that have reached the time limit.
The columns in the row labeled with “nodes” show the percentage of nodes over 10° that have been visited in the branch
and bound tree. The columns in the row labeled with “gap;r” report the percentage gap relative to the best solution found
by the solver and the linear relaxation optima at the root node.

From the results displayed in Table 9 and Fig. 1, we observe first that the gap is similar for all formulations except for F§
and F;’, where a 100% of gap is reached. Formulations FZ, and Fqy increase slightly the gap; in comparison with the remaining
formulations but this does not affect negatively in the exploration as we see next. The values of nodes and t, gap are strongly
related for each one of the formulations. FZ, FZ;, Fy’ and Fgy give the worst values. In contrast, FZ,, Fgy and F* produce the
best values. In addition, we observe a regular behavior among all formulations with s variables, namely F*, Fy,, F3, and Fp,.
Regarding the PMP, analogous conclusions can be obtained in Table 10 and Fig. 2 for the gap;z and the relations between
nodes and t, gap. However, in this case, formulations FZ, and Fy produce the best values together with F3,, F5, and F3,.

Figs. 3 and 4 report analogous items as Figs. 1 and 2, but now when the valid inequalities of Section 4 are incorporated
to the best basic formulations obtained for each combinatorial object. The x-axis displays the different variations in the for-
mulations, starting first with the best basic formulation. Next labels refer to the valid inequality that has been added. Labels
of the valid inequalities correspond with those of Section 4, where “0.1” and “0.2” refer to the two inequalities displayed in
a single equation (for example the two valid inequalities of Eq. (31) are labeled as (31.1) and (31.2)). In the following we will
refer indistinctly to a valid inequality and the formulation that includes such valid inequality. All displayed bars represent
percentages of mean values computed over 30 random instances with p = 10, |V| = 400 and « € {0.4, 0.6, 0.8}.

From the results displayed in Fig. 3, we observe first that the gap,y is similar for all formulations but (32.1), (36.1), (37),
(39.1) and (40). As compared with F,?z', formulation (36.1) improves the values of gap;, nodes and t, gap. However, (32.1),
(39.1) and (40) improve gap;r but are not able to improve nodes or t, gap. We also note that (37) increases gapr since this
gap is computed with a (low quality) best solution found by the solver and the linear relaxation optima at the root node. In
addition, formulations (31.1), (31.2) and (39.4) provide promising results in comparison with the values of nodes and t, gap.

From the results displayed in Fig. 4, we observe first that the gap;y is similar for all formulations but (32.1), (36.1), (37)
and (40). As compared with Ff,, formulations (32.1) and (36.1), improve gap;g and nodes or t, gap. However, (40) improves
gapig but is not able to improve nodes or t, gap in comparison with the best basic formulation for PMP, namely Fz,. We
also note that (37) increases gap; since this gap is computed with a (low quality) best solution found by the solver and the
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Table 9

Results obtained for the three best OWAP basic formulations applied to the shortest path problem.
Inst F, Foy FS
VI p o t(#) t*/gap* #nodes  gapir  t(#) t*/gap* #nodes  gap;r  t(#) t*/gap* #nodes  gapig
100 4 04 05 0.6 15 5579 04 0.6 13 5579 84 59.9 16959 53.72
100 4 06 05 0.6 41 4017 12 116.5 56370 40.17 319 2134 113492 37.39
100 4 08 04 05 61 2426 04 0.5 48 2426 24 7.9 2871 20.79
100 7 04 06 0.7 200 5277 06 0.8 177 5277 121(8) 40.66% 210086 51.11
100 7 06 07 08 360 38.19 038 1.6 468  38.19 121 (8) 22.74% 193167 36.01
100 7 08 09 1.6 839 2376 09 14 760 2376 208 125.9 36870 21.08
100 10 04 21 42 6658 51.98 25 103 9239 5198 195.2(7) 43.64% 273035 4929
100 10 06 41 13.2 16386 3789 28 111 9985 37.89 178.6 (8) 2444% 238513 344
100 10 0.8 55 27.9 23353 2483 13.1 49.4 57599 2483 953 500.7 127230 20.61
225 4 04 08 1 48 5577 08 1.1 45 5577 644(9) 52.43% 29874 55
225 4 06 08 1 44 3942 08 1 49 3942 915(9) 31.77% 41747 3831
225 4 08 08 1.1 95 2213 08 1.2 84 2213 2438(6) 14.08% 70842 207
225 7 04 12 13 99 5261 1.3 1.8 151 5261 129(8) 49.52% 41763 51.29
225 7 06 33 88 1554 37.63 162 143.6 10871 37.63 185.6(7) 31.25% 63146 35.83
225 7 08 46 221 3082 2276 26 6.1 1204 2276 305(5) 14.19% 105127 2044
225 10 04 9.1 62.7 6427 5168 54 249 4222 51.68 317.1(5)  49.98% 95076 50.33
225 10 0.6 152 56.6 10148 37.07 108 39.7 7537 37.07 3195(5) 32.14% 96370 35.15
225 10 08 381 147.8 41223  23.12 296 1415 32090 23.12 279.6(6) 15.16% 85419 20.81
400 4 04 14 1.8 57 55.07 13 1.6 55 55.07 3.3 16.8 286 5444
400 4 06 16 2 95 3871 15 18 76 3871 885(9) 35.79% 13806 37.84
400 4 08 18 29 182 2157 18 3.1 265 2157 255.9(6) 17.21% 49806 2047
400 7 04 65 411 1102 5272 193 169 4370 5272 764(9) 50.67% 9192 5185
400 7 06 94 62.6 2952 3741 634(9) 33.32% 10416 3748 70.9(9) 34.59% 8711 36.27
400 7 08 81 30.2 1994 2187 72 246 1999 2187 368.8(4) 18.29% 32614 20.41
400 10 04 1585(9) 1.09% 100979 518 116.1 2427 83991 518 306.4 (5) 48.93% 24184 50.73
400 10 0.6 618 1215 37448 3648 332 115.9 17308 3648 1324(8) 31.48% 10395 35.01
400 10 0.8 2299(8) 061% 143034 21.82 155.6(9) 0.04% 104042 21.82 1426(8) 17.18% 12829 19.99

Table 10

Results obtained for the three best OWAP basic formulations applied to the perfect matching problem.
Inst Fi F FS,
vVl p a t(#) t*/gap* #nodes  gapir  t(#) t*/gap* #nodes  gapir  t(#) t*/gap* #nodes  gapir
100 4 04 06 0.7 186 5544 06 0.7 139 5544 05 0.7 147 5544
100 4 06 06 0.7 152 3898 0.6 0.7 140 3898 0.6 0.8 175 3898
100 4 08 06 0.7 302 2153 07 0.8 329 2153 06 0.7 157 21.53
100 7 04 1 1.3 236 5218 1 12 256 5218 1 12 205 52.18
100 7 06 11 14 480 3597 12 1.8 591 3597 12 1.6 529 35.97
100 7 08 14 2 965 2027 15 23 1008 2027 13 1.8 1075 20.27
100 10 04 15 1.9 299 5066 1.7 4.1 580 5066 15 1.9 333 50.66
100 10 06 19 26 963 3485 19 2.9 985 3485 2 2.8 922 3485
100 10 08 6 194 6329 202 5.6 17.6 5364 202 6.1 19.8 7018 20.2
225 4 04 21 44 1188 5509 2 29 990 55.09 19 4.1 1095 55.09
225 4 06 17 2.9 1236 3857 17 2.5 1239 3857 17 22 982 38.57
225 4 08 19 3.2 1101 2109 19 3.7 1240 2109 2 3.6 1221  21.09
225 7 04 71 228 9208 5234 84 36 5617 5234 87 293 6308 52.34
225 7 06 10 16 6038 3627 9.7 18.3 6206 3627 88 15.9 5432 36.27
225 7 08 172 62.5 10491 2032 17.1 487 10746 2032 147 50.1 9525 20.32
225 10 04 75 132 2136 5025 7.4 124 2464 5025 7.8 15.5 2265 50.25
225 10 06 324 123.2 15537 3456 339 90.1 13763 3456 315 70.1 15465 34.56
225 10 08 295(8) 0.32% 114029 1962 338.7(7) 12.07% 130079 19.7 3447(8) 0.33% 133025 19.62
400 4 04 73 22.3 3345 5537 6.3 15.5 2546 5537 6.1 9.6 2777 55.37
400 4 06 67 119 4103 3904 75 16.7 4044 3904 87 25.3 6589 39.04
400 4 08 9 22.1 5397 2103 114 44.9 6263 2103 9.2 194 5194 21.03
400 7 04 344 1444 10464 52.05 489 257 15696 5205 37.7 218.2 11164 52.05
400 7 06 834 250.9 27604 36.12 745 209.5 26944 36.12 787 185.1 28692 36.12
400 7 08 844 187.6 28762 20.19 982 182.5 35369 2019 92.6 206.4 34328 20.19
400 10 04 684 1974 13777 50.58 86.7 387.2 17514 5058 919 407.6 19024 50.58
400 10 0.6 289.4(9) 0.11% 61886 3454 335(9) 0.24% 69457 3454 2857 563.5 59428 34.54
400 10 08 5835(1) 0.42% 97022 195 599 (1) 0.4% 93171 195 577 (1) 0.43% 97258 19.52

linear relaxation optima at the root node. In addition, formulations (35.2), (36.2) and (39.3) provide promising results in
comparison with the values of nodes or t, gap.

In summary, we observe the performance of the OWAP formulation depends on its combination with the considered
combinatorial object. In particular we conclude, from our computational experience, that for the SPP, it is convenient to
apply Flg reinforced with (31.1) and (31.2); although rather similar results can be obtained with FZ,. The conclusion for the
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Fig. 2. Comparative results for the proposed OWAP basic formulations applied to the perfect matching problem (p = 10, |V| = 400).
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Fig. 3. Comparative results for the proposed OWAP reinforced formulations applied to the shortest path problem (p = 10, |V| = 400).
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Fig. 4. Comparative results for the proposed OWAP reinforced formulations applied to the perfect matching problem (p = 10, |V| = 400).

PMP is different, because the best basic formulation is now FZ; and the reinforcements (32.1). Once more, rather similar
results are obtained for Fg) and F3,. Therefore, we cannot conclude whether there is a formulation superior to all the others
regardless of the domain Q to be considered. For this reason it is important to have developed the catalog of formulations
and valid inequalities presented in this paper. In general, it is advisable to test them depending on the combinatorial object
to be considered.
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7. Conclusions

In this work we have presented and revisited different mathematical programming formulations for the OWAP using
different sets of decision variables. These formulations reinforced with appropriate constraints have shown to be rather
promising for efficiently solving many medium size OWAP instances. However, from the obtained results it is also clear that
for solving larger OWAP instances with more objective functions further improvements are needed. Our current research
focuses on the design of more sophisticated elimination tests as well as from alternative formulations leading to tighter LP
bounds.
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